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I. INTRODUCTION
Recent developments have enabled detailed measurements of the properties of yield stress fluids that display thixotropic behavior [1] [2] [3] . Not only do such fluids require a certain amount of stress to be applied before they begin to flow, but they have slow and fast time scales.
Slow changes in the microstructure remain even when the flow has apparently stopped.
Similary, slow changes can lead to delayed yielding, which is difficult to anticipate. Familiar examples include suspensions such as make-up, foods and pastes 4, 5 and those with entangled microstructures such as wormlike micellar solutions. In this paper, we focus on a theoretical model of an idealized stretch-and-hold device for the PECN constitutive model that combines a viscoelastic component that is governed by the Partially Extending Strand Convection (PEC) model of [6] and a Newtonian solvent (N). A large relaxation time allows for a slow time scale, and the interplay of slow and yielded time scales is investigated in prior work [7] [8] [9] for homogeneous shear flow driven by a prescribed shear stress. This approach has shown that the initial value problem from equilibrium proceeds in well-defined stages with closedform dependence on time, thus contributing to a deeper understanding of how such a model can predict thixotropic yield stress behavior. In addition, the theoretical predictions are amenable to direct comparisons with experimental results in the literature for shear flow, such as immediate yielding, delayed yielding, hysteresis upon relieving the applied stress, and slow evolution to return to equilibrium. These phenomena are predicted with the PECN constitutive model in a natural way in contrast to phenomenological models that require the a priori input of a yield stress value and evolutionary parameters.
While shear flows with prescribed stress have been extensively studied with the PECN model, elongational flows with prescribed tensile stress are less well understood. The analysis of elongational flows is simpler for unbounded rather than bounded geometries. The work of Grant et al. 10, 11 concerns homogeneous uniaxial elongation and biaxial elongation with prescribed tensile stress. Experimental data for these geometries for thixotropic yield stress fluids are to our knowledge not available. On the other hand, the PECN model has a range of parameters that reflect the fluid properties of wormlike micellar solutions, analogous to more complex models such as the two-species model of Vasquez et al. 12, 13 . The numerical simulation of the full equations in [11] compares with prior experimental work 14,15 and theoretical work 13 , which show extensional thickening for uniaxial extension but its absence Figure 1 (a,e, f) of [16] . Comparison of filament profiles for different cosmetic products: (Fig. 1a) water/oil emulsion, (Fig. 1e ) shower gel and (Fig. 1f) shampoo.
FIG. 1. Reproduced from
in biaxial extension. This paper is motivated by the need to understand how the PECN model behaves in a more realistic geometry than the prior unbounded studies, and to perform a theoretical analysis of an initial value problem with two time scales. We prescribe a fluid bounded laterally by a free surface, and by a fixed bottom boundary and a moveable top boundary. The fluid is extended and held. We refer to this as stretch-and-hold.
Section II gives the derivation of the governing equations. Radial symmetry and the slender jet approximation are used. The initial extension may be instantaneous or a regularized displacement. The density of the fluid and effect of gravity are included in our model; thus, the fluid eventually drains away from the top boundary, and sags at the bottom boundary.
Our derivation of the governing equations parallels those of Refs. [17, 18, 19] but with some differences; for example, the effect of the end boundary conditions on filament shape is investigated in [19] but is not in our analysis. The main focus is the role of the parameters associated with the constitutive model. Section III presents dimensionless parameters that have important roles. The relaxation time is assumed to be long compared to flow time, so that the ratio of retardation time to relaxation time is a small parameter ǫ. An asymptotic analysis of the initial transient for small ǫ is given in section IV and shown to yield an energy equation that represents the elastic and capillary forces, which depend on the strain.
This gives the condition for whether immediate yielding occurs or whether a slow time scale ensues. Beyond this stage, a direct numerical simulation of the full equations is conducted with the algorithm described in Appendix A. First, the particular case of yielding due to high strain and with the dominant mechanism of elastic force is given in section V for the simplest initial shape, that of a cylindrical filament, and stretched at a constant rate for an interval of time. Secondly, we investigate delayed yielding that is driven by small effects of gravity and surface tension in section VI. Thirdly, in section VII, we examine yielding that is initiated by a dominant surface tension and track the profile up to but not including the actual breakup. The geometry is reminiscent of extensional rheometry. We mention the experimental work of [16] which gives profile data for several viscous fluids with apparent yield stress. Figure 1 reproduces three of the six photographs from their Figure 1 that span a wide range of viscous fluids with apparent yield stress: a water/oil emulsion, a shower gel and a shampoo. Also included in their work are water/oil and oil/water cremes, and an additional water/oil emulsion. There are two separate issues when it comes to the study of approach toward filament breakup; first, whether the fluid yields, and hence it evolves to breakup, and secondly, what the asymptotic nature of the breakup is. Since PECN becomes Newtonian after it yields, the breakup asymptotics is necessarily Newtonian [20] [21] [22] [23] . On the other hand, real yield stress fluids may show significant shear thinning after yielding and therefore have different breakup asymptotics 16, 24, 25 .
II. GOVERNING EQUATIONS FOR FILAMENT DEFORMATION
A. Filament deformation and the radius is R(z(Z, t)), t ≥ 0, following a fluid particle which was at height Z at t = 0.
The top boundary stops moving at t = T . The cross-sectional area for t > 0 is denoted
Figure 2(b) shows the top boundary moving upward and stretching the filament. At the start, the filament forms the shape shown here. For 0 < t < T , depending on the rate of 
The top boundary moves up with a prescribed length function l(t).
The cylinder deforms to occupy 0 < z(Z, t) < l(t), 0 < t < T . The radius is R(z(Z, t)). The upper boundary stops moving at t = T . For t ≥ T , 0 ≤ z(Z, t) ≤ l(T ). The aim is to calculate R(z(Z, t))
pull, the relationship between z and R may continue to be roughly linear while the top thins out. The total length is prescribed by l(t) and l(0) = L. This ignores the details of the boundary conditions at the ends.
In order to formulate the governing equations, a Lagrangian frame of reference is used, because of the advantage that the material derivative following a fluid parcel is replaced by a time derivative:
. We define the stretch function s by
and this is the quantity that will be determined from the governing equations. The physical coordinate value z is retrieved by
The cross-sectional areas, initially A(Z) and later a(z(Z, t)), are related because of volume conservation:
Substitution of (2) in (4) yields
The velocity v = (u, v, w) describes homogeneous uniaxial extension with w = ∂z(Z,t) ∂t .
The extension rate is defined by ∂w ∂z
, and the use of (2) in the form
gives the relationship between w and the stretch s:
B. Incompressibility
Incompressibility is satisfied by ∇ · v = tr(∇v) = 0, where
C. Balance of forces Let η denote the Newtonian component of viscosity, σ the coefficient of surface tension, and ρ the density. The total stress tensor is T + S − pI, where the Newtonian contribution is given by S = η(∇v + (∇v) T ), and T denotes the viscoelastic contribution. The component T rr is equal to T xx since each x − y cross-section (z = constant) is axisymmetric, and if
The speeds are slow, so that inertia can be neglected: ρ ∂v ∂t = 0. The consideration of forces acting on a small volume of the element yields a set of equations for describing the stretching filament 17, 19, 26 . Figure 3 illustrates a small section of the filament, from z to z + dz, with the notation used below. Gravity acts throughout the filament, and its effect is to thicken the lower part of the filament. Surface tension acts at the surface between the filament and surrounding vacuum. The motion of the top boundary upwards induces a decrease in the radius at the top, where eventually, the surface tension force induces pinchoff. In the case of an initially cylindrical configuration, this pinch-off is expected at the top, while if the initial configuration has a waist, the pinch-off at the waist may occur before that of the top.
In Figure 3 , the force at the upper surface, F (z + dz), is equal to the stress multiplied by surface area, a(T zz + S zz − p)| z+dz , plus the surface tension force acting on the perimeter of the cross section, 2πRσ where σ denotes the coefficient of surface tension. Similarly, the force at the lower surface is
is equal to the weight, −ρgadz. Therefore,
At the lateral free surface, the jump in the normal stress is balanced by surface tension force:
This is used to eliminate the pressure in (8) to obtain
The viscous stresses which are important are
Upon substitution of (6), we arrive at S zz = 2η 
is important since it is the viscous stress difference after the fluid yields.
Next, a Lagrangian framwork is adopted and all equations are re-written in terms of the initial configuration by using the mass conservation property (5) and substitution for
Integration over Z from 0 to a specific value Z gives
The constant of integration is λ(t), and there are essentially two cases to be considered. First, the filament is pulled up in a prescribed manner and held. In this case, a 'stretch constraint' determines λ(t), and this is calculated in section II E. Secondly, the filament may break at the value Z = Z break , freeing the filament from the constraint. For the boundary condition of pulling at the top, the filament breaks at Z break = L. If the filament is encouraged to break elsewhere with an initially cinched geometry, say in the middle, then the value of Z break is found as part of the solution to the initial value problem. At this point, pinch-off is driven by the surface tension force which gives rise to the term σ
Aπ s
on the left hand side of (14) . When the radius approaches 0, and the stretch function s approaches infinity, this term is proportional to 1/ √ s and approaches 0. Note that the quantity A is the initial value and does not depend on the later evolution of radius or s. The other stress terms on the left hand side of (14) are responses to the primary surface tension force, and therefore they also decay to 0, and thus all terms on the left hand side vanish. On the right hand side, we have the gravity term (or 'weight') and therefore,
D. Constitutive equations
In this section, the components of the stress tensor are coupled to the motion by a constitutive model. We focus on the partially extending strand convection model with a Newtonian solvent (PECN), which is a constitutive model for a microstructure with a large relaxation time suspended in a Newtonian fluid. If the filament yields, pinch-off is inevitable.
The time-scale for pinch-off of a viscous jet is ηR/σ, but if the Newtonian part were absent, pinch-off occurs immediately after yielding (unless inertia is taken into account). Since the formulation of PECN is given in prior literature 7 , it suffices to state a summary here. Let T denote the extra stress tensor, C denote the conformation tensor, c = tr C, and let τ denote the relaxation time;
The model functions φ(c) and ψ(c) arise from a systematic derivation 6 for entangled polymers, which are allowed to deform within tubelike regions that convect. The specific dependence of the elastic stress function on the conformation tensor is typical of dumbbell based models.
The PECN model has a dimensionless material parameter α such that α > −3, and
where T e * 12 is the maximum elastic shear stress, and k * 1s is the shear elastic modulus. Because of the availability of experimental results for yield stress fluids under applied shear stress, we calculate k * 1s as (shear stress)/strain. The elongational stress is T zz − T xx , and from (16), T zz = ψ(c)C zz and T xx = ψ(c)C xx . The strain is an important dimensionless parameter, equal to the amount of extension divided by the initial length, and this originates from the
Therefore,
, and the elongational elastic modulus is
If the strain is small, then s ≈ 1 plus a small amount, and (19) becomes
. This quantity is usually not available in the literature, and instead, the applied shear case (17) is useful for estimating a theoretical value for the model parameter. This is discussed in [9] where the notation for k 1 is τ d , and where it is found that
The assumption of uniaxial extension simplifies C to a diagonal matrix, diag(C xx , C xx , C zz ), and this is normalized with the average equilibrium length of the polymer molecules, so that at equilibrium, C = I. This is an initial condition before the filament is pulled.
The constitutive equation becomes
where c = C zz + 2C xx . We transform the first two equations of (21) with
Using (22) we obtain an equation for s t ,
The equations to be solved are (23) - (24): three coupled ordinary differential equations in the unknowns f 1 , f 2 , and s.
E. Determination of integration constant
The constant λ(t) is implicitly determined by the condition that the total length of the
This equation is the stretch constraint. The total length l(t) is prescribed for all t; after the device stops, l(t) is obviously a constant, and l ′ (t) = 0. The derivative of (25) is
In order to evaluate λ(t), (24) is integrated with respect to Z. The left hand side becomes the prescribed quantity
. The right hand side becomes
Rearrangement gives
This is substituted back to (24).
F. Initial condition
The configuration is assumed to be initially at equilibrium: C xx = C zz = 1. The initial stretch is prescribed by (2):
This leads to
III. DIMENSIONLESS PARAMETERS
There are two time scales, a long relaxation time, and a short retardation time. This gives rise to a small parameter ǫ, equal to the ratio of retardation time η/k 1 to relaxation
The yielding parameter α has already been introduced.
Next, the dimensionless space and time variables are defined with respect to the initial length L and the retardation time η/k 1 :
If R 0 is a representative size of the initial radius function R 0 (Z), then the aspect ratio is
There are four stresses which compete: an elastic stress represented by k 1 , a gravitational stress ρgL, an initial capillary stress σ/R 0 , and, after the fluid yields, a viscous stress difference given in (12), 3ηs t /s. The competition between gravitional and elastic stresses gives a sagging number
If N sag << 1, the elastic stress causes the filament to spring back to its original shape in the initial fast dynamics. If N sag >> 1, the gravitational stress is dominant and the expectation is that the filament falls down. We focus on the new effects of elastic stress by choosing N sag to be not large.
During the stretch phase, viscous stress scales with ηl ′ (t)/L. Afterward, during elastic recoil, viscous and elastic stresses balance at roughly the same scales, meaning that η/time ∼ η/(retardation time)∼ k 1 . Since the viscous stress scales differently during the initial stretch phase and the subsequent hold phase, a capillary number for the initial stretching may be defined by
In the hold phase, the ratio of elastic and capillary stresses gives a capillary number associated with elastic recoil Ca recoil ,
In the final stage where the fluid drains down and pinch-off occurs at some location, a local capillary number is Ca = ηst s r σ where r represents the radius. According to the similarity solutions for the breakup of a viscous thread 20 , r ∼t wheret = t pinch − t, and thus
. Hence, the local capillary number at pinch-off is Ca ∼ 1. The details of capillary pinch-off are a subject of intense study given in the literature [20] [21] [22] 24 . Rather, we address whether a filament breaks because a part of it yields to flow, while the rest is unyielded, by examining the effects of elasticity and strain via N sag , and Ca recoil .
The dimensionless equations are
where
and
IV. ASYMPTOTIC ANALYSIS OF THE INITIAL TRANSIENT MOTION
A cylinder of constant radiusR 0 (Z) =R 0 is a simple initial shape that has an advantage of further decoupling the governing equations. The last two equations of (37) become
In the initial transient stage, when the filament is starting to be pulled up, the initial conditions (28)-(29) lead to the estimate that
the right hand side of (37) is O(ǫ) and is negligible:
This motion is called 'fast dynamics'. The cross-sectional area of the filament is (5) for t > 0, and substitution of (40) in (24) reduces the governing equations to a single equation
A. Slow dynamics 
Here the part of the equation that depends on s is separated out and denoted h(s),
This expression represents the elastic and capillary forces that depend on stretch. The first term is the elastic force, which should increase with stretch s at the beginning. The mass conservation equation (5) 
so that (25) yields a bound in the forml(t) ≤ s max . This states that during the initial pull, if the stretch s exceeds s max , the filament yields, flows and collapses.
The value ofλ in (42) is not known a priori, so that the values of s for the slow manifold can not be solved from this equation. However, the inverse function h −1 is defined where it is increasing. Thus, the solution of (42) is
and this is substituted into the volume constraint to find
Since
is a monotonically increasing function ofλ, (46) can be solved forλ as a function ofZ. This is substituted in (45) to express s as a function ofZ.
If gravity is absent, (46) simplifies to s =l(t), andλ = πR 2 0 h(s). An initially uniform filament will stay uniform.
Case of zero surface tension and zero gravity
The simplest situation is where the surface tension and gravity are neglected. Thenλ in (41) is independent ofZ, and is a constant for the entire length of the filament. From (42), h(s) is a constant for the filament. For any given α, this means that s is constant along the entire filament. where h reaches a maximum of roughly 3.6 at s = s max = 1.2, and at the slightly larger value of α = −2.8, the maximum of h is much less at ≈ 1.7 at s = s max ≈ 1.3, and so s max increases with α. Secondly, the maximum of h(s) decreases as α increases. As noted previously, the figure shows that the maximum of h is decreased by roughly half when α increases from −2.95 to −2.8, and the maximum is a decreasing function of α, not just for α = −2.5, 0, 5, but larger as well. Therefore, if α is close to -3, the initial stretch must be quite small for the solution to arrive at the slow manifold. When the stretch exceeds s max , the solution arrives at the slow manifold only for a moment, and yields and breaks. In practical terms, the filament cannot be drawn much if α is close to −3. Therefore, experiments on yield stress rheology would be done with fluids having α much larger than −3, and the initial pull should be able to access both below and above s max .
When the top boundary moves up for a cylindrical filament, the stretch function is largest at the top and keeps increasing with time. For s >> 1, h(s) ∼
, so that capillary force dominates over elastic force to balance out (42), and breakup occurs on a fast time scale. shows Ca recoil = 1, where the h(s) is a decreasing function for α > 5. As α moves away from −3, s max increases away from 1, but at some positive value α switch , there is a switch to a monotonically decreasing h(s). The slow manifold is reached after the initial fast dynamics for a certain interval −3 < α < α switch . After reaching the slow manifold, s changes slowly.
For α > α switch , there is immediate yielding.
An alternative way of interpreting the steady states is to think of the inverse function h if α is close to −3, h(s) increases before decreasing, but the interval of α where this occurs is small, and the rest of α exhibit monotonically decreasing h(s). Therefore, there is a small interval of α close to −3 where the slow manifold is reached, such that h ′ (s) is already negative at α = −2.8. For α at -2.8 and larger, immediate yielding takes place. Once the filament yields and flows, it undergoes capillary pinch-off where the stretch is greatest.
B. An alternative capillary number
When a filament deforms, the two fundamental measurable quantities are the elastic modulus, which is relevant for small deformations, and the value of the yield stress, which is important when the stretch is large. This section is a discussion of capillary numbers with respect to these quantities. From (40),
Hence, the elongational stress is T zz −T rr = k 1 c+α (C zz −C rr ), with c ≈ 3. The strain is (s−1).
Therefore, the elastic modulus k *
. After the factor (s − 1) is cancelled out, we have k *
s . In the initial phase, we let s ≈ 1, giving
A slightly different dimensionless capillary number for recoil (36) may be defined in terms of the elastic modulus and surface tension stress,
When yielding occurs, s becomes large, and (47) gives a negligible C rr . This implies that c ≈ C zz = s 2 , and the elongational stress is
Although the only difference between Ca recoil and Ca * recoil is a factor of 3/(3 + α), Ca * recoil may be more convenient for experimental work because the elastic modulus is the measurable quantity, and k 1 is deduced from it. Figure 6 is a comparison of h(s) versus s for Ca recoil = 1 (-) and Ca * recoil = 1 (--). The case Ca recoil = 1 is a decreasing curve, and hence exhibits immediate yielding, while the case Ca * recoil = 1 has a maximum at s ≈ 2, and therefore exhibits delayed yielding. 
V. YIELDING DUE TO STRETCHING AND ELASTIC EFFECTS
The simplest initial shape is a cylindrical filament. The initial radius is independent of Z and denotedR 0 . The top boundary location is prescribed bỹ
Fort ≥T , the top boundary is fixed atl(T ) = 1 +l ′ (T − )T . The case of large gravitational stress is not of interest because of the predictable fall of the mass. Similarly, a large surface tension stress leads to filament breakup and is not pursued here. We focus on the effects of elastic stress on the onset of filament breakup. The ratio of retardation time to relaxation time is kept small at ǫ = 10 −4 , so that the asymptotic analysis for the initial transient effect of elasticity and surface tension is represented by h(s) of (43) and can be used to interpret the numerically simulated filament shapes. A constant initial radius ofR 0 = 0.1 is used to exploit the initially cylindrical shape assumed in (43). In (a), the strain is 0.1, and in (b), the strain is 0.2. We have chosen a small N sag . Capillary and gravitational effects are not significant in the initial dynamics, so that the elastic force represented by h(s) is a function of the strain and dominates the dynamics. Figure 4 helps to interpret the initial dynamics, in terms of the elastic force and stretch.
The behavior at α = −2.9 is close to the case α = −2.95 in the figure, which shows that h(s)
is non-monotone, with stability (or unyielded) for the first increasing branch, and instability (yielding) for the decreasing portion of the curve. Moreover, the figure shows that if the filament is pulled out a small amount, to where the stretch s is below the first maximum of h(s), as in the case of strain 0.1 in Fig. 7(a) , the initial dynamics is on the slow manifold and the filament does not yield. Fig. 7 (a) plots up tot = 990, and there is no evidence of springing back to the initial shape.
On the other hand, Fig. 7 (b) with strain 0.2 is pulled to where h(s) starts to decrease with s in Fig. 4 . If h(s) is decreasing, the dynamics is unstable and yields. The filament breaks att ≈ 12, and since just the small portion near the top experiences the large increase in s to be on the decreasing part of h(s), the top is where the breakup takes place. In comparison, the stretch is not large below the breakage, so that much of the filament springs back to the initial shape. This is an example of the case when breakup is due solely to the elastic effects.
In summary, if the stretch function is less than the critical value for the first maximum of h(s), the initial dynamics is on the slow manifold, whereas if s is larger than the critical value, then we have yielding and pinch-off at the top boundary.
VI. BREAKUP ON SLOW TIME SCALES
Here, we explore yielding that is not caused by elasticity, but that occurs ultimately from small effects of gravity and surface tension. A small N sag = 0.098, and high Ca recoil = 10 and 14.3 are chosen for this effect. The parameters are close to that of Fig. 5 (a) for h(s) versus the stretch s. We choose α = −1 which produces a non-monotone h(s). Figure 8 shows the particular h(s) for our parameter regime. The result is similar at Ca recoil = 14.3.
The simulations forz(t) versusR(z,t) are shown in Figure 9 for Ca recoil = 14.3 and strain = 0.4. When the top boundary reaches the final position, s moves from 1 to 1.4, and Fig. 8 shows h(s) to be still increasing at s = 1.4. Thus, the subsequent pinching is not due to an elastic instability. Aftert = 1, the top is fixed atz = 1.4, and the filament begins to sag under gravity, increasing the radius at the bottom. We see that the fluid simply sags still increasing. Therefore, the eventual pinching for this situation is not expected to be due to elasticity but due to the sagging at the top after stretching, and eventually, the radius shrinks enough to undergo a capillary pinch-off.
The numerical simulations in Fig. 10 show that while being stretched upwards, the radius does shrink all along the filament to conserve volume. Very soon after, the cylindrical shape distorts at the very top, where the radius shrinks the fastest and s increases the fastest.
Att ≈ 50 (t in the figure ist), the stretched distance between the top of the filament and a point initially close by increases much faster than at lower points. This necessitates the use of local mesh refinement at the top (Appendix A 1). At the same time that the radius decreases at the top, the bulk of the filament springs back toward its initial radius. At t = 1000, the filament has fallen to roughlyz ≈ 1.2. The rest of the filament is sloped toward the original radius, forming a step, with gravity pulling the volume down. The slow settling of the yield surface downward is due to gravity and takes place att ∼ ǫ −1 . However, in reality, a pinch-off of this type results in immediate loss of axisymmetry and our model would not be descriptive for the history after that. In summary, the strain is large enough for the fluid to yield; yielding takes place at the top, and is followed by sagging. there is a jump from unyielded to yielded flow. The effect of increasing the elastic stress while the gravitational stress is fixed is shown in Fig. 11 . In both (a) and (b), elastic stress makes the lower half of the filament spring back to its original shape, and the stretching at the top leads to yielding. The difference between (a) and (b) is that gravitational stress is relatively lower in (b), and thus the filament takes longer to sag to the same level as in (a).
A. Increasing the elastic stress
Let α = −2.9 and Ca recoil = O(1), so that h(s) is non-monotone. For the initial dynamics
VII. YIELDING INITIATED BY A DOMINANT SURFACE TENSION EFFECT
A capillary breakup extensional rheometer (CaBER) is used in the work of [16] to make observations of yielding initiated by a dominant surface tension force for highly viscous fluids with apparent yield stress. The device pulls the fluid into a filament at prescribed speed until it pinches off. Several products are studied in [16] , such as a water-oil emulsion, composed of densely packed small water droplets in a continuous paraffin oil phase, and a high viscosity thickener solution, which is a dispersion of swollen microgel particles. Their photographs of the filament shape are centered around the cinching area, and may not be of the entire filament. We prescribe our initial condition to be slightly cinched midway between the ends as shown in Fig. 12 . The initial radius at the top and bottom are assumed equal, denoted R 0 , and cinched to a fraction βR 0 at Z = L/2 with 0 < β < 1. We choose β = 0.8 as an example. The surface shape is initially set to be linear functions as follows:
This initial condition modifies the calculation of prior sections that initialize the filament as a cylinder. The modifications include the calculation of λ(t) in equation (27) because of 
gravitational contribution is ρg = 980 cm s −2 . The surface tension coefficient is approximated by σ = 50 dyne cm −1 . The yielded viscosity is chosen to be η = 100 P because our model implements a Newtonian fluid with a constant value when yielded. On the other hand, Figure 2 of [16] shows that the steady shear viscosity decreases with shear stress after yielding with viscosity decreasing from roughly 100. The idea of using a power law fluid for the yielded state is discussed further below. The yield stress from shear experiments is given to be on the order of 100 dyn cm −2 . There is some leeway in choosing our model parameters because our yield stress formula is
, which depends on both k 1 and α. Thus, a specific yield stress is achieved by pairs of α and k 1 . The choice of α and k 1 affects the elastic
as well. A check was performed for α from −2 to 5 and the results were not found to be very sensitive. As a representative sample, α = 4 is used. Figure 8 of [16] shows a portion of the filament shapes, beginning at their definition of t = 0 as the time of full elongation for the apparatus. We can also track the evolution during the initial stretch which occurs before their t = 0 but this is left out in order to focus on the evolution after full extension. The rate of pull influences the balance of viscous versus capillary force, and this affects the evolution to breaking as shown in their Figure 9 . Thus, Figure 8 of [16] , and already noticeably cinched. Therefore, the rate of pull is prescribed as dℓ/dt = 35 cm s −1 and the time to full extension is T = 39 ms. The effect of gravity is not negligible based on the value of N sag = 0.56, and this accounts for the build-up of material below the middle, and promotes thinning above. This leads to the different conical volumes at the bottom and top in Fig. 14(a) , and also appears in the photographs in Figure 1 of [16] , three of which are reproduced in Fig. 1 .
The final filament shape in our simulation has a thin long middle, which is analogous to the photographs for the shower gel and shampoo rather than the cusped waist of the water/oil emulsions shown in their Figure 1(a-b) . This difference may be accounted for by our use of a Newtonian yielded viscosity. Pinching of filaments driven by surface tension has been investigated in the literature for a number of different fluids and under various flow conditions. In particular, similarity solutions of one-dimensional models have been given for Newtonian fluids in Stokes flow 20 , with inertia 21 , with a viscous outer fluid 23 , and for the generalized Newtonian fluid with a power law viscosity with inertia and without 25 . A power law fluid possesses a shear stress that is proportional to a power ('power law exponent') of the shear rate. Let the power law exponent be denoted a, with a = 1 for the Newtonian fluid, a > 1 for shear thickening fluids and a < 1 for shear-thinning fluids. Fig. 14(b) reproduces jet profiles from [25] for small power law exponent a = 0.3 giving the cinched waist and the Newtonian case a = 1 which has a longer thin waist. In comparison, our simulation is consistent with the Newtonian shape. We reconcile the difference with the water-oil emulsion photograph reproduced in 1 (Fig. 1a) by noting that this is consistent with the similarity solution for the shear-thinning yielded fluid, or a < 1.
VIII. CONCLUSIONS
The stretch-and-hold problem is investigated for the PECN constitutive model that combines a viscoelastic model for an entangled microstructure (Paritially Extending strand
Convection model) and a Newtonian solvent. The dimensionless material parameter α is related to the maximum elastic shear stress and the elastic modulus, which are measurable quantities. Pastes have been modeled in prior work in the range −3 < α < 0 and wormlike micellar solutions in the range α > 0. A capillary number based on the ratio of elastic modulus to surface tension stress is relevant for the evolution once full extension is reached, and we call this a recoil capillary number. A sagging number measures the effect of gravity.
The parameter ǫ is the ratio of relaxation time to retardation time. We investigate the initial value problem for an axisymmetric filament held between two ends, and stretched upward by the motion of the top boundary for an interval of time. The top is held and the subsequent evolution of the filament is described up to just before pinchoff. We focus on the condition of small ǫ and low inertia.
An asymptotic analysis with a slow time scale on the order of 1/ǫ and a fast time scale of order 1 yields a simplified energy balance for the initial transients. It is shown that there is a critical value of strain above which immediate yielding occurs. The critical value increases as α increases, allowing for more stretching before the fluid yields. An important result is that we can isolate the analysis for yielding due to strain and dominated by elastic effects. Numerical simulations are presented for cases of delayed yielding and immediate yielding, and the reasons are tied to the energy balance equation that is derived earlier.
In addition, we show an example of yielding due to small effects of gravity and surface tension. This is achieved by a slowly growing strain, and a slow sag, and is sensitive to the magnitude of the initial pull. Finally, simulations with an initially cinched cylinder and with a dominant surface tension effect show the evolution of the filament on a fast time scale towards pinching. Numerical simulations for a model of a viscous fluid with apparent yield stress show a thinned section of the filament that joins conically shaped ends. In comparison with the experimental work of [16] , we attribute the difference to a power law behavior of the actual fluid versus the constant viscosity of the PECN model.
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Appendix A: Discretization and numerical simulation
The governing equations are (23), (24) , (27), (28), (29), and a representation of the initial radius R 0 (Z). This is a system of ordinary differential equations in time, say of the form
, and F denotes the nonlinear right hand side.
However, this also depends on the continuous variable Z. Note that this is a Lagrangian formulation, that is, in terms of the initial position function Z, rather than an Eulerian one (for z), and the advantage is that the evolution at different values of Z is coupled only through λ(t). The discretization for 0 < Z < L is chosen to be a collocation scheme, where L is subdivided equally into n max subintervals. The midpoints are the collocation points,
. . , n max . This transforms X(t) to a vector composed of 3 n max components: f 1 (Z i , t), f 2 (Z i , t), and s(Z i , t). To calculate the integration constant λ(t) numerically, equation (24) is solved for s t at each value of t, followed by integrations over Z and the use of (27). The final system is a set of ODEs in time, and is solved with the variable time-step 4 th order Runge-Kutta method (ode45 in Matlab).
Mesh refinement
Our simulations focus on yielding or breaking due to stretching. Inevitably, there is an increase of s(Z i , t) at some collocation point Z i . where pinch-off or yielding is initiated. For example, if the filament is pulled upward by the top boundary and held, the stretch value at the top, Z nmax increases by many orders of magnitude, so that the true heights, z(Z j , t), at the top few collocation points Z j are relatively far apart, producing an inaccurate filament shape. A similar event occurs if the initial filament is already cinched at, say Z i ≈ L/2, and pinching ensues there. We have set a tolerance for the maximum of s, beyond which we assume breakage, for instance s break = 10 4 . After breakage, the top boundary condition is removed, and the rest of the filament evolves free of the total length constraint. We are aware that experimental work in the literature indicate that radial symmetry is lost after breaking; hence, results will be given only where elastic effects and slow time scales may be of importance.
Since s = dz/dZ, and this is initially 1, s grows to infinity and breaks at a specific value Z i .
A criterion for picking i is as follows. Well before breaking, the stretch will be large enough for the filament shape to begin to appear poorly approximated, and the initial collocation points need to be refined locally around the breaking point. This increases the total number of collocation points n max with time. Hence, the value of i where Z i has relatively large stretch are identified through a prescribed tolerance, denoted refine tol = 10 −2 , such that |s(Z i , t) − s(Z i+1 , t)| |s(Z i , t)| > refine tol . Figure 15 depicts the initial collocation points where we now have the solution f 1 , f 2 , s of Eq. (23)- (24) . At Z i , the actual distances between two neighboring collocation points are denoted dz(Z i , t). In order to conserve volume, the integral sdZ = s(Z i )dZ i needs to remain the same upon mesh refinement. Note that upon halving the mesh at Z i , s(Z i ) = 1 2 s(Z i−1/2 ) + s(Z i+1/2 ) . We denote the linear interpolation function by g(Z):
Since the mesh is halved, and a straight line through the midpoint value (Z i , F (Z i )) is used, the refined stretch satisfies s(Z i )dZ i = s(Z i−1/2 )(dZ i /2) + s(Z i+1/2 )(dZ i /2), 
The minimum is at e ′ (m) = 0, or
We find
.
After each refinement the value of n max increases, and the system of equations is solved, while ensuring (A1). This is repeated until s reaches s break at a specific collocation point, after which this point is discarded, as is the total length constraint. This corresponds to the stress release, when λ(t) switches from (27) to (15) . This evolution describes a downward settling and is performed with no further mesh refinements. For example, we typically take s break = 10 4 , and if the breakage occurs at the top of the filament, the top collocation point is eliminated. Since now the upper boundary is free to fall, this modifies the evaluation of λ(t), and the numerical simulation resumes with the filament falling down. This final stage is most likely not realistic because filaments typically lose axisymmetry as soon as it breaks.
Post-processing and filament shape
The filament shape is reconstructed by calculating the Eulerian coordinates (R(z(Z, t)), z(Z, t)); this is a more natural way of looking at the evolving filament rather than plotting Z(t). To find the position z(Z, t), we use equation 
